Abstract. We exhibit an infinite family of knots in the Poincaré homology sphere with tunnel number 2 that have a lens space surgery. Notably, these knots are not doubly primitive and provide counterexamples to a few conjectures.
1.
A family of knots in the Poincaré homology sphere with lens space surgeries. Figure 1 shows a one-parameter family of arcs κ n , n ∈ Z, on the pretzel knot P (−2, 3, 5) = P (3, 5, −2) for which a −1-framed banding produces the two bridge knot B(3n 2 + n + 1, −3n + 2). Indeed, [n, −1, −n, 3] = − 3n 2 +n+1 −3n+2 . Through double branched coverings and the Montesinos Trick, the arc κ n lifts to a knot K n in the Poincaré homology sphere on which an integral surgery yields the lens space L(3n 2 + n + 1, −3n + 2). Figure 1 . Top left shows a family of arcs κ n with end points on the pretzel knot P (−2, 3, 5). A numbered vertical box signifies a stack of half-twists where the sign informs the handedness. We perform a banding on κ n (framed relative to the horizontal bridge sphere) followed by a sequence of isotopies to recognized the result as the two-bridge knot B(3n 2 + n + 1, −3n + 2). The arc κ
As presented, the arc κ n lies in a bridge sphere that presents P (−2, 3, 5) as a 3-bridge link. Thus the knot K n lies in a genus 2 Heegaard surface for the Poincaré homology sphere P. Nevertheless, as we shall see, generically K n does not have tunnel number one. Theorem 1. For each integer n, the knot K n in the Poincaré homology sphere P has an integral surgery to the lens space L(3n 2 + n + 1, −3n + 2). If |n| ≥ 4, then K n has tunnel number 2.
Previously, the only known knots in P admitting a surgery to a lens space are surgery duals to Tange knots [Tan09a] and certain Hedden knots [Hed11, Ras07, Bak14b] . (See Section 5 for a discussion of the Hedden knots.) These knots in P are all doubly primitive, they may be presented as curves in a genus 2 Heegaard splitting that represent a generator in π 1 of each handlebody bounded by the Heegaard surface. We see this as Tange knots and Hedden knots all admit descriptions by doubly pointed genus 1 Heegaard diagrams. (Tange knots are all simple knots in lens spaces and Hedden knots are "almost simple".) Equivalently, they are all 1-bridge knots in their lens spaces. Any integral surgery on a 1-bridge knot in a lens space naturally produces a 3-manifold with a genus 2 Heegaard surface in which the dual knot sits as a doubly primitive knot.
The Berge Conjecture posits that any knot in S 3 with a lens space surgery is a doubly primitive knot [Ber] , cf. [Gor91, Question 5.5]. It is also proposed that any knot in S 1 × S 2 with a lens space surgery is a doubly primitive knot [BBL13, Conjecture 1.1], [Gre13, Conjecture 1.9]. By analogy and due to a sense of simplicity 1 , one may suspect that any knot in P with a lens space surgery should also be doubly primitive. However this is not the case. Since our knots K n have tunnel number 2 for |n| ≥ 4, they cannot be doubly primitive. Proof. For n = 1, surgery on K 1 produces L(5, −1) as shown in Figure 1 . A quick check of [Tan09a, Table  2 ] shows that L(5, −1) contains no Tange knots. The Hedden knots with surgery to ±P are homologous to Berge lens space knots of type VII [Ras07, Gre13] ; one further observes that L(5, −1) does not contain any of these knots since k 2 + k + 1 = 0 (mod 5) has no integral solution.
Remark 4. The knot K 1 is actually the (2, 3)-cable of the knot J that is surgery dual to the trefoil in S 3 .
As we shall see in Theorem 7(3), it is the (2g(K n )−1)-surgery on our knots K n that produces a lens space; g(K n ) is the Seifert genus of the knot K n . Hence they also provide counterexamples to [Hed11, Conjecture 1.7] (cf. [BGH08, Conjecture 1.6]) and [Gre13, Conjecture 1.10]. It seems plausible that it is the largeness of the knot genus with respect to the lens space surgery slope that enables the failure of our knots to be doubly primitive. Hedden and Rasmussen also observe a distinction at this slope for lens space surgeries on knots in L-space homology spheres [Hed11, Ras07] . Indeed, from the view of Heegaard Floer homology for integral slopes on knots in homology spheres, this slope is right at the threshold at which a knot could have an L-space surgery [OS11, Proposition 9.6] (see also [Hed09,  As mentioned in the paragraph following its statement, [Hed11, Theorem 3.1] (presented here in Theorem 14) applies to any L-space homology sphere, not just S 3 . Thus, since doubly primitive knots are surgery dual to one-bridge knots in lens spaces, [Hed11, Theorem 3.1] implies that such surgery duals are either simple knots or one of the Hedden knots T L or T R . In Section 5 we clarify and correct our work in [Bak14b] and further classify when Hedden's knots are dual to integral surgeries on knots homology spheres, P in particular. Tange has produced a list of simple knots in lens spaces that are surgery dual to knots in P [Tan09a] , and it is expected that this list is complete. Verifying its completeness will affirm Conjecture 6.
Let us collect various properties of our knots.
Theorem 7. Let p = 3n 2 + n + 1 and q = −3n + 2. Then the following hold for our family of knots K n in P:
(1) Positive p-surgery on K n produces a lens space L(p, q).
(2) K n is fibered and supports the tight contact structure on P.
, and note that p-surgery on T n also produces L(p, q). The surgery dual to K n is homologous to the surgery dual to
Theorem 7(5) is given as Lemma 12. The remainder of Theorem 7 follows from assembling the works of Hedden [Hed11] , Rasmussen [Ras07] , and Tange [Tan11, Tan09b] . In fact, appealing to Greene's proof of the Lens Space Realization Problem [Gre13] , we tease out the following general theorem from which Theorem 7(3)&(6) follow. When this holds,
2. Questions about knots in the Poincaré homology sphere with lens space surgeries. [Hed11, Bak14b] and the (3n+1, n)-torus knots with p = 3n 2 +n+1 due to our knots introduced here. Indeed, what about the case of the (3n+1, n)-torus knots when p = 3n 2 +n−1? To clarify the word 'distinct' in Question 9 (2), note that the mapping class group of the Poincaré homology sphere is trivial [BO91, Thèorém 3 & Corollaire 4]. Thus knots in P that are related by a diffeomorphism of P are also isotopic.
2.2. Symmetries. One may observe that, thus far, all the known examples of knots in P with a lens space surgery are strongly invertible. Hence there is an involution of P taking each of these knots with some orientation to its reverse. Wang-Zhou have shown that if a knot in S 3 other than a torus knots has a non-trivial lens space surgery, then its only possible symmetry is a strong involution [WZ92] .
Question 10.
(1) Is every knot in P with a lens space surgery strongly invertible? (2) What are the possible symmetries of a knot in P with a lens space surgery?
2.3. Hopf plumbings. Let us inquire about another potential analogy with the Berge knots in S 3 . The Giroux Correspondence says that any two fibered knots supporting the same contact structure are related by a sequence of plumbings and de-plumbings of positive Hopf bands [Gir02] . Since the Berge knots (with positive surgeries to lens spaces) can all be expressed as closures of positive braids 4 , each Berge knot can be obtained from the unknot by a sequence of plumbings of Hopf bands. No de-plumbings are necessary.
In P the unknot is not fibered, but the knot J that is −1-surgery dual to the (negative) trefoil is. As we shall see in Lemma 13, J is a reasonable surrogate for the unknot in P: it is the unique genus one fibered knot in P, and it supports the tight contact structure on P. Since a knot in P with a lens space surgery is fibered and supports the tight contact structure (by Theorem 7(2)), the Giroux Correspondence says that it may be obtained from J by a sequence of plumbings and de-plumbings of positive Hopf bands.
Question 11. If a knot in P has a lens space surgery, then can it be obtained from J by a sequence of plumbings of Hopf bands?
Notation and conventions
Let K be a knot in an oriented 3-manifold M . Choose an orientation on K and let µ be a meridian of K in the torus ∂N (K) that positively links K. Let λ be an oriented curve in ∂N (K) that is isotopic to
where p, q are coprime integers; changing the orientation of γ changes the signs of both p and q. We refer to both the unoriented isotopy class of γ in ∂N (K) and the number p/q ∈ Q ∪ {∞} as a slope and (when λ is null-homologous) say it is positive if 0 < p/q < ∞. If the slope is integral, we also say it is a longitude or a framing of K.
The result of γ-Dehn surgery on the knot
is identified with the slope γ. The image of the curve S 1 × pt in M γ (K) is a knot called the surgery dual to K and denoted K * . Observe that γ is the meridian of K * and µ-surgery on K * returns M with surgery dual K = (K * ) * . If M is the double branched cover of S 3 over a link L, an arc κ such that κ ∩ L = ∂κ lifts to a knot K in the cover M . Via the Montesinos trick [Mon75] , each integral surgery on K corresponds to a banding along κ.
is the result of a banding along κ. The arc κ * = I × {0} is the dual arc of the banding. In the double branched cover over L ′ , κ * lifts to the dual knot K * of the corresponding integral surgery on K.
The lens space L(p, q) is defined to be the manifold that results from −p/q-surgery on the unknot in S 3 . The two-bridge link B(p, q) is the link in S 3 whose double branched cover is L(p, q). Using the continued fraction [x 1 , x 2 , . . . , x n ] = x 1 − 1/(x 2 − 1/(· · · − 1/x n )) to express −p/q describes the two-bridge link B(p, q) geometrically in plat presentation as in the lower left of Figure 1 .
A non-trivial knot in a lens space L(p, q) is simple (or grid number one) if, in the standard genus one Heegaard diagram of the lens space, it may be represented by two of the p intersection points. The simple knot is then the union of the arcs connecting those points in the two meridional disks whose boundaries are described by the diagram. Equivalently, a simple knot (including the trivial knot) is a knot represented by a doubly pointed genus 1 Heegaard diagram of L(p, q) that has p intersection points. There is one for each
Proofs
Proof of Theorem 1. Figure 1 exhibits arcs κ n on the pretzel knot P (−2, 3, 5) that have a banding to a two-bridge link. By passing to the double branched covers (and using the Montesinos Trick), this describes knots K n in P that have an integral surgery to a lens space.
Since K n lies in a genus 2 Heegaard surface, its tunnel number is at most 2. If K n were to have tunnel number one, then every surgery on K n would have Heegaard genus at most 2. However we will see that surgery along the framing induced by the Heegaard surface produces a toroidal manifold which, according 
β is a genus 2 manifold decomposed along a torus T into two atoroidal manifolds, then one of M α or M β admits a Seifert fibering over the disk with 2 or 3 exceptional fibers or over the Mobius band with up to 2 exceptional fibers such that filling the other along the slope induced by a regular fiber in T produces a lens space. (This is more general than Kobayashi's classification but suitable for our needs.) The slope of a regular fiber may be identified since filling one of these Seifert fibered spaces along along the slope of a regular fiber produces a reducible manifold.
Figure 2(Left) shows that the result of a 0-framed banding along κ n has a sphere S dividing it into two 2-string tangles. Up to homeomorphism, these two tangles are the tangle sums T β n when n = 0, 1, 2; in each, the middle value yields a degenerate Seifert fibration while the other values yield solid tori. In these cases the torus T that is the double branched cover of S is compressible and so Kobayashi's classification does not apply; moreover, one may observe that K n has tunnel number one in these cases. Hence we assume n ∈ {−3, −2, −1, 0, 1, 2}.
When n = −1 or 3, M β n has type D 2 (2, 2) and thus is a twisted I-bundle over the Klein bottle. Therefore it has an alternative Seifert fibration over the Mobius band with no exceptional fibers. We already assume n = −1. We shall assume n = 3 as well.
Figure 2(Middle) shows the results of filling T α n and T β n with the rational tangle ρ α defined by a pair of arcs in S so that T α n (ρ α ) is composite. We then observe that the filling T β n (ρ α ) is the pretzel link P (1 − n, 2, 2), and this is a two-bridge link if and only if n = 0, 2. We have already omitted these values of n.
Figure 2(Right) shows the results of filling T α n and T β n with the rational tangle ρ β defined by a pair of arcs in S so that T β n (ρ β ) is composite. We then observe that the filling T α n (ρ β ) is the pretzel link P (n + 2, 3, −2), and this is a two-bridge link if and only if n = −1, −3. We have already omitted these values of n too.
Therefore, to conclude that the knot K n has tunnel number 2, it is sufficient to require that n ∈ {−3, −2, −1, 0, 1, 2, 3}.
Lemma 12. The knot K * n in L(3n 2 + n + 1, −3n + 2) that is surgery dual to K n is homologous to the knot T * n that is surgery dual to the (3n + 1, n)-torus knot in S 3 .
Proof. Starting from the lower left of Figure 1 where the dual arc κ * n is a presented on a standard form of the two bridge link B(3n 2 + n + 1, −3n + 2), Figure 3 (Left) shows how two clasp changes (and isotopy) transforms κ * n into an arc τ * n in a bridge sphere. Since τ * n lies in the bridge sphere, its lift to the double Finally, Figure 3 (Left) shows a banding of B(3n 2 + n + 1, −3n + 2) along the arc τ * n to the unknot. Thus we may identify T * n as surgery dual to a torus knot T n in S 3 . Because Figure 3 (Left) shows a banding of B(3n 2 + n + 1, −3n + 2) along the arc τ * n to the connected sum B(n, −1)#B(3n + 1, 3), the torus knot T n has a reducible surgery to L(n, −1)#L(3n + 1, 3) ∼ = L(−n, 3n + 1)#L(3n + 1, −n) which is the mirror of L(n, 3n + 1)#L(3n + 1, n). Thus T n must be the (3n + 1, n)-torus knot (for example see [Mos71] ).
Proof of Theorem 7.
(1) Theorem 1 shows that either ±p-surgery on K n is a lens space. Tange shows that any integral lens space surgery on a knot in P must be positive [Tan11, Theorem 1.1].
(2) In [Tan11, Theorem 3.1], the paragraph following, and its proof, Tange further shows that if an L-space homology sphere Y contains a knot K with irreducible exterior for which a positive integer surgery produces an L-space, then K is a fibered knot supporting a tight contact structure. (Tange notes that the fiberedness . Tange then demonstrates that the Heegaard Floer contact invariant of the contact structure supported by K is non-zero.) (5) If T n is the (3n + 1, n)-torus knot in S 3 , then p-surgery on T n produces the lens space L(p, q). By Lemma 12, the surgery dual knot T * n is homologous to the knot K * n that is surgery dual to K n . Gre13] proceeds by first identifying the pairs (lens space, homology class) that contain knots for which some integral surgery produces an L-space homology sphere with d = 0, and then observing that each of these pairs contains the surgery dual to a Berge knot. Since the lens space surgery duals to Berge knots are simple knots, we have that in fact J * is surgery dual to a Berge knot B and Y J = S 3 .
For the statement about Alexander polynomials, let us first summarize work of Tange on Alexander polynomials of knots in L-space homology spheres for which a positive integral surgery yields a lens space [Tan09b] . The symmetrized Alexander polynomial of a knot K in an L-space homology sphere with a non-trivial L-space surgery can be expressed as
following the arguments of [OS05] . For a given positive integer p, pass to the quotient
Assuming that p-surgery gives a lens space Z, then 2g(K) − 1 ≤ p [KMOS07] . Note that K is fibered 5 and hence the degree of ∆ K (t) equals 2g(K). Because of this and that the coefficients of ∆ K (t) are a i (K) = 0 or ±1 (and the non-zero ones alternate in sign), it follows thatã i (K) = 0, ±1, or 2 whereã i (K) = 2 implies that both p is even and i = p/2 [Tan09b, Corollary 2]. Furthermore, one may determine that the coefficientsã i (K) and the polynomial∆ K (t) only depend on the lens space Z and the homology class of the surgery dual knot
where the indices for the coefficients of∆ K (t) are taken to be the representatives of Z/pZ from −(p − 1)/2 and (p − 1)/2. See also the discussion preceding [Tan09a, Proposition 3.3]. Now in our present situation, since the Berge knot B in S 3 has p-surgery to L(p, q) in which the surgery dual is the simple knot J * , we therefore have 2g(B) < p because p is odd [Hed11, Theorem 3.1]
6
. Hencẽ a i (B) = a i (B) for all i ∈ Z/pZ and ∆ B (t) =∆ B (t). Because the surgery dual K * is homologous to the simple knot B * in L(p, q),∆ K (t) =∆ B (t). Therefore we have
as claimed.
Lemma 13. There is a unique genus one fibered knot J in P. As an open book, it supports the tight contact structure on P. Furthermore, it is surgery dual to the negative trefoil knot in S 3 .
Proof. One may appeal to Ghiggini's work using Heegaard Floer homology [Ghi08] to deduce these statements. However, let us offer an alternative approach. This can be seen in the spirit of [Bak14a] which relates genus one fibered knot to axes of closed 3-braids as follows: Noting that since P has a unique genus 2 Heegaard splitting [BO91] , P (−2, 3, 5) is the only 3-bridge link whose double branched cover gives P. (In fact P is the double branched cover of no other link.) Since P (−2, 3, 5) is isotopic to the (3, 5)-torus knot, its 3-braid axis A lifts to a genus one fibered knot J ⊂ P. By [BM93, The Classification Theorem] and [Bak14a, Lemma 3.8], for instance, A is the only 3-braid axis for P (−2, 3, 5) up to isotopy of unoriented links. Hence J is the only genus one fibered knot up to homeomorphism in P. Since the mapping class group of P is trivial [BO91] , J is the only genus one fibered knot in P up to isotopy.
In the double branched cover, a braid presentation of the branch locus lifts to a Dehn twist presentation of the monodromy of the lift of the axis. Since the axis A presents P (−2, 3, 5) as a positive braid (indeed, as the (3, 5)-torus knot), we obtain a presentation of the monodomy of J as a product of positive Dehn twists. Hence it supports the tight contact structure on P [Gir02] .
One may view J as surgery dual to the negative trefoil in several ways. Taking the route through branched covers, this is demonstrated in [Bak14b, Proof 2], though for the mirrored situation. Figure 3 ]. In the botton two pictures, the intersection points of the red α-curve and blue β-curve are numbered in order mod p along the α-curve.
Hedden's almost-simple knots.
In each lens space L(p, q) with coprime p > q > 0, Hedden diagramattically describes two unoriented 1-bridge knots T L and T R (the Hedden knots) via the doubly-pointed genus 1 Heeggaard diagrams of L(p, q) with p+2 intersection points [Hed11, Figure 3 ]. An alternative presentation of local pictures of these diagrams near the two marked points are shown in the top row of Figure 6 . Since the simple knots in L(p, q) are those that can be described via doubly-pointed genus 1 Heeggaard diagrams of L(p, q) with only p intersection points, we like to regard the Hedden knots as almost-simple. The bottom row of Figure 6 shows the same portion of the diagram for related simple knots. These knots are notable because of the following theorem. 
where g is the Seifert genus of the surgery dual knot.
Though the statement of this theorem in [Hed11] is explicitly only for surgeries to S 3 , Hedden notes that his proof applies for surgeries to any L-space homology sphere.
Here we would like to clarify a few points about these almost-simple knots, correct a couple of misstatements in [Bak14b] , and discuss the homology spheres that may be obtained by integral surgery on them following the arguments of [Bak14b] . Afterwards we summarize these results in Proposition 15.
The knots T L and T R are not homologous in general, contrary to what was stated in [Bak14b] . One can observe this directly from the descriptions in Figure 6 (or [Hed11, Figure 3] ), noting that the magnitude of their algebraic intersection numbers with the blue β-curve differ by 2. One may further observe that the mirror of the knot
Furthermore, the proof in [Bak14b] that T L differs from (and thus is homologous to) K(p, q, q + 1) by a crossing change also shows that T R differs from K(p, q, q − 1) by a crossing change. Unfortunately, [Bak14b, Figure 2 ] should be mirrored through the Heegaard torus so that the red α-disks are below, the blue β-disks are above, and the twist in T L is right-handed in order to be consistent with the orientation conventions. In particular, the crossing change from K(p, q, q + 1) to T L is achieved by a −1-surgery on a loop C L in the Heegaard that encircles the two base-points in the diagram for K(p, q, q + 1) of bottom left Figure 6 . The crossing change from K(p, q, q − 1) to T R may be similarly achieved by a +1-surgery on a loop C R .
A knot homologous to K(p, q, k) has an integral surgery to a homology sphere if and only if its self linking is ±1/p (mod 1), or equivalently if and only if k 2 = ±q (mod p) [Ras07, Lemma 2.6], cf. [FS80] . Here the choice of sign of ± is consistent and agrees with whether this integral surgery is a ±1-surgery; cf. Figure 5 and the discussion in the proof of Theorem 8.
If T L in L(p, q) is dual to positive p-surgery on a knot K in a homology sphere Y , then so is K(p, q, q + 1) and hence (q + 1) 2 = −q (mod p). Making the substitution −k = q + 1 gives the equation k 2 + k + 1 = 0 (mod p). Thus K(p, q, q + 1) is dual to a type VII Berge knot B, one that lies in the fiber of a trefoil knot; see [Ras07, Section 6 .2] and [Gre13, Section 1.2]. Since its fiber positively frames B, this trefoil knot is the negative trefoil (not the positive trefoil as stated in [Bak14b] ), and it can be identified with C L under the S 3 surgery on K(p, q, q + 1). Performing −1-surgery on the negative trefoil C L in S 3 produces P and takes B ⊂ S 3 to K ⊂ P. Since the linking of B and C L is 0, the positive p-surgery on B becomes the positive p-surgery on K. Consequently, if −1-surgery on T L is a homology sphere, it is P.
Similarly, if T R in L(p, q) is dual to positive p-surgery on a knot K ′ in a homology sphere, then (q − 1) 2 = −q (mod p). Making the substitution k = q −1 gives the equation k 2 −k−1 = 0 (mod p). Thus K(p, q, q −1) is dual to a type VIII Berge knot B ′ , one that lies in the fiber of the figure eight knot. This figure eight knot may be identified with C R . Performing +1-surgery on C R in S 3 produces the Brieskorn sphere Σ(2, 3, 7) taking the knot B ′ to the knot K ′ . Consequently, if −1-surgery on T R is a homology sphere, it is Σ(2, 3, 7). This coincides with the difference between the τ -invariants of these knots as noted by Rasmussen in the last two paragraphs of [Ras07, Section 5]: τ (T L , s 0 ) = −1 and so τ (T R , s 0 ) = +1. Rasmussen further shows that if integral surgery on T L or T R produces a homology sphere, then it is an L-space homology sphere if and only if the surgery is a −1-surgery on T L or a +1-surgery on T R [Ras07, Proposition 4.5].
In summary, the above discussion shows.
Proposition 15.
(1) In L(p, q), T L is homologous to the simple knot K(p, q, q+1) and T R is homologous to the simple knot K(p, q, q − 1).
(2) The mirror of (L(p, q), T L ) is (L(p, −q), T R ). 
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